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INTRODUCTION
This study is devoted to the construction of a probabilistic model of uncertainties for a rigid multibody dynamical system made up of uncertain rigid bodies. In some cases, the mass distribution inside a rigid body is not perfectly known and must be considered as random (for example, the distribution of passengers inside a vehicle) and therefore, this unknown mass distribution inside the rigid body induces uncertainties in the model of this rigid body. Here, we propose a new probabilistic modeling for uncertain rigid bodies in the context of the multibody dynamics. Concerning the modeling of uncertainties in multibody dynamical system, a very few previous researches have been carried out. These researches concerned parameters which describe the joints linking each rigid body to the others and the external sources (see [7] , [16] , [3] ), [12] , [13] ), but not rigid bodies themselves. In the field of uncertain rigid bodies, a first work has been proposed in [9, 10] , in which the authors take into account uncertain rigid bodies for rotor dynamical systems using the nonparametric probabilistic approach [18, 19] consisting in replacing the mass and gyroscopic matrices by random matrices.
In this paper, a general and complete stochastic model is constructed for an uncertain rigid body. The mass, the center of mass and the tensor of inertia which describe the rigid body are modeled by random variables. The prior probability distributions of the random variables are constructed using the maximum entropy principle [6] from Information Theory [17] . The generator of independent realizations corresponding to the prior probability distributions of these random quantities are developed and presented. Then, several uncertain rigid bodies can be linked each others in order to calculate the random response of an uncertain multibody dynamical system. The stochastic multibody dynamical equations are solved using the Monte Carlo simulation method.
Section 2 is devoted to the construction of the mean model for the rigid multibody dynamical system by using the classical method. In Section 3, firstly, we propose a general probability model for an unconstrained uncertain rigid body and secondly, the uncertain rigid multibody dynamical system is obtained by joining this unconstrained uncertain rigid body to the other rigid bodies. The last section is devoted to an application which illustrates the proposed theory.
MEAN MODEL FOR THE RIGID MULTIBODY DYNAMICAL SYSTEM
In this paper, the usual model of a rigid multibody dynamical system for which all the mechanical properties are known will be called the mean model (or the nominal model). This section is devoted to the construction of the mean model for a rigid multibody dynamical system. This mean model is constructed as in ( [14, 15] ) and is summarized below.
Dynamical equations for a rigid body of the multibody system
Let RB i be the rigid body occupying a bounded domain Ω i with a given geometry. Let ξ be the generic point of the three dimensional space. Let x = (x 1 , x 2 , x 3 ) be the position vector of point ξ defined in a fixed inertial frame (O , x 0,1 , x 0,2 , x 0,3 ), such that x = − → Oξ. The rigid body class is then defined by three quantities.
(1) The first one is the mass m i of RB i which is such that
where ρ(x) is the mass density.
(2) The second quantity is the position vector r i of the center of mass G i , defined in the fixed inertial frame, by
) be the local frame for which the origin is G i and which is deduced from the fixed frame (O , x 0,1 , x 0,2 , x 0,3 ) by the translation − − → OG i and a rotation defined by the three Euler angles α i , β i and γ i . The third quantity is the positive-definite matrix [J i ] of the tensor of inertia in the local frame such that
in which the vector
). In the above equation, u × v denotes the cross product between the vectors u and v.
Matrix model for the rigid multibody dynamical system
The rigid multibody dynamical system is made up of n b rigid bodies and ideal joints including rigid joints, joints with given motion (rheonomic constraints) and vanishing joints (free motion). The interactions between the rigid bodies are realized by these ideal joints but also by springs, dampers or actuators which produce forces between the bodies. In this paper, only n c holonomic constraints are considered. Let u be the vector in
is the rotation vector. The n c constraints are given by n c implicit equations which are globally written as ϕ(u, t) = 0.
where
in which [I 3 ] is the (3 × 3) identity matrix. The function {u(t) , ∈ [0 , T ]} is then the solution of the following differential equation (see [15] )
with the initial conditions
in which k(u) is the vector of the Coriolis forces and where [ϕ u (u(t), t)] ij = ∂ϕ i (u(t), t)/∂u j (t) and ϕ t = ∂ϕ/∂t. The vector q(u,u, t) is constituted of the applied forces and torques induced by springs, dampers and actuators. The vector λ(t) is the vector of the Lagrange multipliers. Equation (6) can be solved using an adapted integration algorithm (see for instance [2] ).
STOCHASTIC MODEL FOR A MULTIBODY DYNAMICAL SYSTEM WITH UN-CERTAIN RIGID BODIES
Firstly, a stochastic model for an uncertain rigid body of the multibody dynamical system is proposed and secondly, the stochastic model for the multibody dynamical system with uncertain rigid bodies is constructed joining the stochastic model of the uncertain rigid bodies.
Stochastic model for an uncertain rigid body of the multibody dynamical system
The properties of the mean model (or the nominal model) of the rigid body RB i are defined by its mass m i , the position vector r 0,i of its center of mass G i at initial time t = 0 and the matrix [J i ] of its tensor of inertia with respect to the local frame
). The probabilistic model of uncertainties for this rigid body is constructed by replacing these three parameters by the following three random variables: the random mass M i , the random position vector R 0,i of its random center of mass G i at initial time t = 0 and the random matrix [J i ] of its random tensor of inertia with respect to the random local frame
). The probability density functions (PDF) of these three random variables are constructed using the maximum entropy principle (see [17] , [6] ), that is to say, in maximizing the uncertainties in the model under the constraints defined by the available information.
Construction of the PDF for the random mass (i) Available information
Let E{.} be the mathematical expectation. The available information for the random mass M i is defined as follows. Firstly, the random variable M i must be positive almost surely. Secondly, the mean value of the random mass M i must be equal to the value m i of the mean (or nominal) model. Thirdly, as it is proven in [19] , the random mass must verify the inequality E{M −2 i } < +∞ in order that a second-order solution exists for the stochastic dynamical system. In addition, it is also proven that this constraint can be replaced by |E{log M i }| < +∞.
(ii) Maximum entropy principle The probability density function µ → p M i (µ) of the random variable M i is constructed by maximizing the entropy under the constraints defined above. The solution of this optimization problem is the PDF of a gamma random variable defined on ]0, +∞[. This PDF depends on two parameters which are m i and C M i . Since parameter C M i has no physical meaning, it is eliminated in introducing the coefficient of variation δ M i of the random variable M i such that
is the standard deviation of the random variable M i . Therefore, the PDF of the random mass is completely defined by the mean value m i and by the dispersion parameter δ M i .
Construction of the PDF for the random position vector R 0,i
In this subsection, the PDF of the random initial position vector R 0,i of the center of mass of RB i at initial time t = 0 is constructed.
(i) Available information
The position vector r 0,i of the center of mass G i at initial time t = 0 of the mean (or nominal) model is given. However, the real position is not exactly known and r 0,i only corresponds to a mean position. Consequently, there is an uncertainty about the real position and this is the reason why this position is modeled by the random vector R 0,i . Some geometrical and mechanical considerations lead us to introduce an admissible domain D i of random vector R 0,i . We introduce the vector h of the parameters describing the geometry of domain D i . In addition, the mean value of the random vector R 0,i must be equal to the value r 0,i of the mean (or nominal) model. Therefore, the available information for random variable R 0,i can be written as
(ii) Maximum entropy principle The probability density function a → p R 0,i (a) of random variable R 0,i is then constructed by maximizing the entropy with the constraints defined by the available information in Eq. (8) .
The solution of this optimization problem depends on two parameters which are r 0,i and vectorvalued parameter h, and is such that
The positive valued parameter C 0 and vector λ are the unique solution of the equations
(iii) Generator of independent realizations
The independent realizations of random variable R 0,i must be generated using the constructed PDF p R 0,i . Such a generator can be obtained using the Monte Carlo Markov Chain (MCMC) method (Metropolis-Hastings algorithm [5] ).
Random matrix [J i ] of the random tensor of inertia.
In this subsection, the random matrix [J i ] of the random tensor of inertia with respect to 3 ) is defined and an algebraic representation of this random matrix is constructed. The mass distribution around the random center of mass G i is uncertain and consequently, the tensor of inertia is also uncertain. This is the reason why the matrix [J i ] of the tensor of inertia of the mean (or nominal) model with respect to
) is replaced by a random matrix [J i ] which is constructed by using the maximum entropy principle. We introduce the positive-definite matrix [Z i ] independent of m i such that
Then
It can be proven that [Z i ] is positive definite and that each positive definite matrix [J i ] constructed using Eq. (12), where [Z i ] is a given positive definite matrix, can be interpreted as the matrix of a tensor of inertia of a physical rigid body for which the mass is 1 (see [1] 
(i) Available information concerning random matrix (2) 
is an upper triangular matrix in the set M 3 (R) of all the (3 × 3) real matrices. Then, random matrix [Z i ] can be rewritten as
in which the matrix [G i ] is a random matrix for which the available information is 
(ii) Maximum entropy principle The probability distribution of random matrix [G i ] is constructed using the maximum entropy principle under the constraints defined by the available information given by Eq. (17) . The probability density function
) with respect to the volume element dG of random matrix [G i ] is then written as
in which the positive valued parameter C G i is a normalization constant, the real parameters λ l < 1 and λ u < 1 are Lagrange multipliers relative to the two last constraints defined by Eq. (17) and the symmetric real matrix [µ] is a Lagrange multiplier relative to the third constraint defined by Eq. (17) . This probability density function is a particular case the Kummer-Beta matrix variate distribution (see [11] , [4] ) for which the lower bound is a zero matrix. Parameters C G i , λ l , λ u and matrix [µ] are the unique solution of the equations
For fixed values of λ l and λ u , parameters C G i and [µ] can be estimated using Eq. (19) . In Eq. (19) , since the parameters C l i ′ and C u i ′ have no real physical meaning, the parameters λ l and λ u are kept as parameters which then allows the "shape" of the PDF to be controlled. If experimental data are available for the responses of the dynamical system, then the two parameters λ l and λ u can be identified solving an inverse problem. If experimental data are not available, these two parameters allow a sensitivity analysis of the solution to be carried out with respect to the level of uncertainties.
(iii) Properties for random matrix [J i ]
It is proven in [1] that using Eq. (14) and the available information defined by Eq. (15), the following important properties for random matrix [J i ] can be deduced,
in which the random matrix [J
], which represents a random upper bound for random matrix
It should be noted that Eq. (14) and independent realizations of random mass M i .
Stochastic matrix model for a multibody dynamical system with uncertain rigid bodies and its random response
In order to limit the developments, it is assumed that only one of the n b rigid bodies denoted by RB i of the rigid multibody system is uncertain. The extension to several uncertain rigid bodies is straightforward. Let the 6 n b random coordinates be represented by the R 6 n bvalued stochastic process U = (R 1 , ..., R n b , S 1 , ..., S n b ) indexed by [0, T ] and let the n c random Lagrange multipliers be represented by the R nc -valued stochastic process Λ indexed by [0, T ]. The deterministic Eq. (6) becomes the following stochastic equation
in which the vector U 0 = (r 0,1 , . . . , R 0,i , . . . , r 0,n b , s 0,1 , . . . , s 0,n b ) is random due to the random vector R 0,i . For all given real vectoru, the vector K(u) of the Coriolis forces is random due to the random matrix [J i ]. The random mass matrix [M] is defined by
in which the (3n
Random Eqs. (22) and (23) are solved using the Monte Carlo simulation method.
APPLICATION
In this section, we present a numerical application which validates the methodology presented in this paper.
Description of the mean model
The rigid multibody model is made up of five rigid bodies and six joints which are described in the fixed frame (O, x 0,1 , x 0,2 , x 0,3 ) (see Fig. 1 ). The plan defined by (O, x 0,1 , x 0,2 ) is identified below as the "ground". The gravity forces in the x 0,3 -direction are taken into account.
(i) Rigid bodies
In the initial configuration, the rigid bodies Rb1, Rb2, Rb3 and Rb4 are cylinders for which the axes follow the x 0,3 -direction. In the initial configuration, the rigid body Rb5 is supposed to be symmetric with respect to the planes (G5, x 0,1 , x 0,2 ) and (G5, x 0,1 , x 0,3 ) in which G5 is the center of mass of Rb5.
(ii) Joints − The joint Ground-Rb1 is made up of a prismatic joint following x 0,3 -direction. The displacement following x 0,3 -direction (see Fig. 1 ), denoted by u1(t), is imposed. The joint Ground-Rb2 is a prismatic joint following x 0,3 -direction. The displacement following x 0,3 -direction (see Fig. 1 ), denoted by u2(t), is imposed. The displacement following x 0,1 -direction is unconstrained. Imposed displacements u1(t) and u2(t) are plotted in Fig. 2 for t in [0, 0.03] s. − The joints Rb1-Rb3 and Rb2-Rb4 are constituted of 6D spring-dampers.. − Finally, the joints Rb3-Rb5 and Rb4-Rb5 are x 0,2 -direction revolute joints.
Random response of the stochastic model
Rigid body Rb5a is considered as uncertain and is therefore modeled by a random rigid body. As explained in Section 3, the elements of inertia of the uncertain rigid Body Rb5 are replaced by random quantities. The fluctuation of the response is controlled by four parameters δ M 5 , h, λ l and λ u . A sensitivity analysis is carried out with respect to these four parameters. Statistics on the transient response are estimated using the Monte Carlo simulation method with 500 independent realizations. The initial velocities and angular velocities are zero. The observation point P obs belongs to Rb5. acceleration of point P obs is plotted in Fig. 3 . It can be noted that the acceleration is sensitive to the mass uncertainties.
(ii) Case 2: M i is deterministic, R 0,5 is deterministic and [J 5 ] is random. We choose λ l = −5 and λ u = −5 for random matrix [J 5 ]. The confidence region, with a probability level P c = 0.90, of the random acceleration of point P obs is plotted in Fig. 4 . We can remark, as it was expected, that the angular acceleration is sensitive to uncertainties on the tensor of inertia. (iii) Case 3: M 5 is deterministic, R 0,5 is random and [J 5 ] is deterministic. The domain of R 0,5 is supposed to be a parallelepiped which is centered at point (0, 0, 0.55) for which its edges are parallel to the directions x 0,1 , x 0,2 and x 0,3 and for which the lengths following these three directions are respectively 0.5, 0.2 and 0.02. The confidence region, with a probability level P c = 0.90, of the random acceleration of point P obs is plotted in Fig. 5 . We can remark that the angular acceleration is sensitive to uncertainties on initial center of mass of Rb5. The values of the parameters of the PDF are those fixed in the three previous cases. The confidence region, with a probability level P c = 0.90, of the random acceleration of point P obs is plotted in Fig. 6 . It can be viewed that (1) the randomness on the acceleration is mainly due to the randomness of mass M 5 , (2) the randomness on the angular acceleration is mainly due to the randomness of the initial position R 0,5 of the center of mass and the random tensor of inertia 
CONCLUSION
We have presented a complete and general probabilistic modeling of uncertain rigid bodies taking into account all the known mechanical and mathematical properties. This probabilistic model of uncertainties is used to construct the stochastic equations of uncertain multibody dynamical systems. The random dynamical responses can then be calculated. In the proposed probabilistic model, the mass, the center of mass and the tensor of inertia are modeled by random variables for which the prior probability density functions are constructed using the maximum entropy principle under the constraints defined by all the available mathematical, mechanical and design properties. Several uncertain rigid bodies can be linked each others in order to obtain the stochastic dynamical model of the uncertain multibody dynamical system. The theory proposed has been illustrated analyzing a simple example. The results obtained clearly show the role played by uncertainties and the sensitivity of the responses due to uncertainties on (1) the mass (2) the center of mass and (3) the tensor of inertia. Such a prior stochastic model allows the robustness of the responses to be analyzed with respect to uncertainties. If experimental data were available on the responses, then the parameters which control the level of uncertainties could be estimated by solving an inverse stochastic problem.
